B comprise a set denoted Hom C (A, B). A morphism in C from A to B is also referred to as a C-morphism and denoted A → B.
These morphisms must satisfy the following conditions:
(1) For each pair of C-morphisms j : D → E and k : E → F , there is a composition morphism k • j : D → F , such that ℓ • (k • j) and (ℓ • k) • j produce the same morphism D → G, for all C-morphisms j : D → E, k : E → F , and ℓ : F → G.
(2) For each object of C there is an identity morphism id C from that object to itself, such that the compositions
are both equal to f , for all C-morphisms f : A → B.
Adjoint Functors. Let C and D be categories. A (covariant) functor Φ : C → D assigns to each object A of C an object Φ(A) of D, and to each C-morphism f :
Now consider a pair of functors Φ : C → D and Ψ : D → C.
Also suppose, for all objects L of C and M of D, that there exists a bijective function
We indicate that the bijection β satisfies the two conditions in ( * ) by saying that β is natural in L and M.
Example. The following is a standard first example of an adjoint pair: Let F be a field, and let Vec F denote the category whose objects are F-vector spaces and whose morphisms are F-linear transformations. Let Ψ : Vec F → Set be the "forgetful functor," assigning to each vector space its underlying set of vectors, and assigning to each linear transformation its underlying set function. Let Φ : Set → Vec F be the functor assigning to each set S the F-vector space FS with basis S, and assigning to each set map S → S ′ the F-linear extension FS → FS ′ . Then (Φ, Ψ) is an adjoint pair. (Details and analogous examples can be found, e.g., in Chapter IV of [6] .) 3. CONTINUITY VIA ADJOINT PAIRS. For the remainder, let X and Y be topological spaces, and let ϕ : X → Y be a set function. Recall that ϕ will be continuous if and only if ϕ −1 (V ) is closed in X for all closed subsets V of Y .
The category of closed subsets of a topological space. Define Closed(X) to be the category whose objects are closed subsets of X and whose morphisms are described as follows: Let U and U ′ be closed subsets of X. If U is a subset of U ′ then there is exactly one morphism, the inclusion map, from U to U ′ . If U is not a subset of U ′ then the set of morphisms from U to U ′ is empty. Similarly define Closed(Y ).
An adjointness criterion. Adjoint pairs of functors between the categories Closed(X)
and Closed(Y ) can be described in a particularly simple way, as follows: Suppose that It is not hard to verify that if a bijection β as above does exist, then it must be natural in U and V , in the sense of ( * ). (Also note that if β exists it must be unique.) We deduce that (Φ, Ψ) is an adjoint pair exactly when the statement
holds true for all U in Closed(X) and V in Closed(Y ).
From a function to a pair of functors. Consider the assignments
and
where S denotes the closure of an arbitrary subset of X or Y . It is straightforward to check that T ϕ and T ϕ are functors. Our aim now is to prove:
Theorem. The function ϕ is continuous if and only if (T ϕ , T ϕ ) is an adjoint pair.
Proof. To start, we claim that the following four conditions are equivalent, for all U in Closed(X) and V in Closed(Y ):
(1) (T ϕ , T ϕ ) is an adjoint pair.
The equivalence of (1), (2), and (3) follows directly from ( †). To see why (3) is equivalent to (4) , recall that the closure of ϕ(U) in Y is the smallest closed subset containing ϕ(U), and so
Next, it is also true, for all U in Closed(X) and
Hence, it follows from the equivalence of (1) and (4) above that (T ϕ , T ϕ ) is an adjoint pair exactly when
for all U in Closed(X) and V in Closed(Y ). Now suppose that ϕ is a continuous function. As noted above, ϕ −1 (V ) is closed in X for all closed subsets V of Y , and so
Therefore, for all U in Closed(X) and V in Closed(Y ), if
Consequently, (T ϕ , T ϕ ) is an adjoint pair. Conversely, suppose that (T ϕ , T ϕ ) is an adjoint pair, and fix an arbitrary V in Closed(Y ). Set U := ϕ −1 (V ). By ( ‡), ϕ(U) ⊆ V, and so ϕ −1 (V ) = U ⊆ ϕ −1 (ϕ(U)) ⊆ ϕ −1 (V ).
Therefore, ϕ −1 (V ) = ϕ −1 (V ).
In particular, ϕ −1 (V ) is closed, and so ϕ is continuous. The theorem follows.
